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ABSTRACT
I have derived the Kretschmann scalar for a general black hole of mass m, angular momentum per

unit mass a, and electric charge Q. The Kretschmann scalar gives the amount of curvature of spacetime,
as a function of position near (and within) a black hole. This allows one to display the ““ appearance ÏÏ of
the black hole itself, whether the black hole is merely of stellar mass or is a supermassive black hole at
the center of an active galaxy. Schwarzschild black holes, rotating black holes, electrically charged black
holes, and rotating electrically charged black holes are all illustrated. Rotating black holes are discovered
to possess a negative curvature that is not analogous to that of a saddle.
Subject headings : black hole physics È relativity

1. INTRODUCTION

Black holes have been invoked in astrophysics to account
for some galactic X-ray sources, and also for the engines
that drive active galactic nuclei. Physicists, however, have
provided no way to visualize any realistic black hole. This
paper remedies all of that. A scalar is derived that character-
izes the spacetime curvature of a realistic rotating black
hole, allowing one to ““ see ÏÏ the black hole. Once in pos-
session of the algebraic expression for the curvature, which
is called the Kretschmann scalar, any possible black hole
can be visualized realistically. My derivation includes the
possibility of electric charge on the black hole, although real
black holes in the universe are very likely to be neutral. I
include the possibility of electric charge simply to ensure
that all possible black holes are covered in my analysis.

2. CURVATURE

The derivation of the Kretschmann scalar is simple in
principle, but requires horrendous algebraic computation in
practice. Only the arrival of computer programs that do
algebra makes the derivation possible.

To make the derivation transparent (and particularly to
clarify the meaning of the Kretschmann scalar, in the
context of a simpler exampleÈan example that, rightly or
wrongly, most people will feel that they understand), I lay
out my derivation Ðrst in terms of the corresponding deriva-
tion of the Kretschmann scalar for a sphere (which di†ers
from an ordinary sphere, e.g., a ““ beach ball, ÏÏ only in that it
has no inside or outside).

The curvature that is associated with any geometry
is fully speciÐed by that geometryÏs Riemann tensor,

The Riemann tensor is computed from the metric ofRabcd.the space. For a sphere, the metric is given by the functions
and where a isg11\ a2, g12 \ g21\ 0, g22 \ a2sin2 h,

called the radius of the sphere.
From the speciÐed metric, we Ðrst compute the connec-

tion, which is not itself a tensor :
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For a sphere, the nonzero components of the connection are
and!221 \ [cos h sin h, !122 \ cot h, !212 \ cot h.

With the connection in hand, we are in a position to
compute the Riemann tensor itself :

Rabcd\
L

Lxc
!bda [ L

Lxd
!bca ] !bdv !vca [ !bcv !vda

There are only two nonzero components of the Riemann
tensor for a sphere : andR1212 \ sin2 h R1221 \ sin2 h.
These two functions then fully characterize the curvature of
the sphere.

However, that is not how we normally think of the curva-
ture of a sphere (or of a beach ball). Instead, we think of its
Gaussian curvature. In its modern deÐnition, the Gaussian
curvature R is obtained from the Riemann tensor by con-
traction : Ðrst, and then The familiarRbd\ Rabad, R\Raa.Ðnal result for the sphere is R\ 2/a2 ; this also applies to a
beach ball, which of course is a sphere embedded in three-
dimensional Euclidean space.

That would be the end of it, if we did not have black holes
to consider ; but we do. We therefore apparently gild the lily
by computing a second scalar that is clearly also character-
istic of the curvature : \4/a4 for our sphere.K \RabcdRabcd,This is the Kretschmann scalar. We will shortly see why its
computation is necessary if we are to derive spacetime cur-
vature for black holes.

3. BLACK HOLES

The vacuum Ðeld equations of general relativity are
The potential existence of black holes was impliedRab\ 0.

by the Ðrst solution found, which was the Schwarzschild
solution,

ds2\ 1
1 [ (2m/r)

dr2] r2dh2

] r2 sin2 hd/2[
A
1 [ 2m

r
B
dt2 .

At the Schwarzschild radius, r \ 2m, the radial coordi-
nate and time exchange roles (the singularity at that radius
is merely a coordinate singularity that is of no physical
signiÐcance).

So ; how curved is spacetime at a black hole? From the
vacuum Ðeld equations, the reader can easily compute the
Gaussian curvature for herself without the aid of a com-
puter : it is zero. The Gaussian curvature of spacetime at,
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FIG. 1.ÈE†ect of electric charge on the curvature, K, of a black hole.
The curvature of the uncharged Schwarzschild black hole is shown by a
dashed line for comparison. The solid line shows a nonrotating black hole
carrying electric charge Q\ 0.8.

and in, a black hole, is zero ! Hence our need for the
Kretschmann scalar. For a Schwarzschild black hole, the
Kretschmann scalar is (relatively) easily computed to be
K \ 48m2/r6 (e.g., dÏInverno 1992). I display the spacetime
curvature of a Schwarzschild black hole in Figure 1, as a
dashed line.

Until now, however, the Kretschmann scalar has never
been presented for a more sophisticated (and more realistic)
black hole. To derive the Kretschmann scalar for realistic
black holes (and indeed to carry out all my calculations
involving tensors), I have created a FORTRAN program
that has as input a speciÐed metric, and as output a script
for MATHEMATICA to calculate all desired quantities.
The script that my program creates for MATHEMATICA
is a text Ðle 1.3 megabytes in size. To calculate the Kretsch-
mann scalar for a general black hole on a Macintosh
Quadra 700 (which was the Ðrst machine that I used, in
1995) took 10.5 hr, using MATHEMATICA 2.2.2. On my
present G3 laptop, the same calculation takes less than half
an hour. Most recently, an anonymous referee has taught
me the trick of transforming my second coordinate via
y \ cos h, dh2\ dy2/(1 [ y2), which eliminates all trigono-
metric functions from the metric and results in my calcu-
lations now taking less than 4 minutes.

4. THE KRETSCHMANN SCALAR

The Kerr-Newman metric (the metric for the most
general possible black hole) is

g11 \ r2] a2 cos2 h
r2] a2] Q2[ 2mr

g22 \ r2] a2 cos2 h

g33 \
C
r2] a2[ a2(Q2[ 2mr) sin2 h

r2 ] a2 cos2 h
D

sin2 h

g34 \ g43 \ a(Q2 [ 2mr) sin2 h
r2] a2 cos2 h

g44 \ [
A
1 ] Q2[ 2mr

r2 ] a2 cos2 h
B

.

In the metric components above, the mass of the black hole
is m, its angular momentum per unit mass is a, and its
electric charge is Q. The value of a can range from [1
to ]1. Note the presence of the cross term, g34 \ g43,and note that it is the only term that is a†ected by the
sign of a (i.e., is a†ected by the sense of rotation of the
black hole).

The form of the metric presented here is in Boyer-
Lindquist coordinates, signature ]2, organized for easy
computer input. A more physically transparent form of the
Kerr metric is given by Enderlein (1998).

The result for the Kretschmann scalar (which is of aston-
ishing simplicity, considering the immensity of the calcu-
lation that is required for its evaluation) is

K \ 8
(r2 ] a2 cos2 h)6

] [6m2(r6[ 15a2r4 cos2 h ] 15a4r2 cos4 h [ a6 cos6 h)

[ 12mQ2r(r4[ 10a2r2 cos2 h ] 5a4 cos4 h)

] Q4(7r4[ 34a2r2 cos2 h ] 7a4 cos4 h)] ,

which clearly reduces to the expected expression for a Sch-
warzschild black hole if a and Q are both zero. At the
suggestion of an anonymous referee, I have performed an
additional test to be sure that my result is correct : I do Ðnd
that the square of the Weyl tensor, K[ 2Rjl Rjl ] (Rll)2/3,
under a general conformal transformation ] )2(r, h) of the
metric, as expected, turns out to be (the same quantity)/)4 ;
this test took 24 minutes to complete.

For simplicity in textbooks, I propose that for black
holes, my quantity K simply be called the spacetime curva-
ture of the black hole.

I now use this expression to provide a few illustrations of
the ““ appearance ÏÏ of a realistic black hole. The reader, now
in possession of the algebraic expression for the Kretsch-
mann scalar, can of course make as many additional illus-
trations as is desired. First, in Figure 1, I show the curvature
of an electrically charged nonrotating black hole of charge
Q\ 0.8. The e†ect of the charge is to reduce the curvature,
well into the interior of the black hole.

Next (Fig. 2), I show the most important (because it is the
only practical) case, a rotating noncharged black hole. The
most dramatic feature is the appearance of regions of nega-
tive curvature. We are most familiar with negative curva-
ture from the famous two-dimensional space of Gauss,
Bolyai, and Lobachevsky (GBL), which has Gaussian cur-
vature R\ [2/a2 and Kretschmann scalar K \ 4/a4. Note
that for GBL, the Kretschmann scalar is positive ! It is clear
that I have discovered a new kind of negative spacetime
curvature, one that cannot be ““ understood ÏÏ in terms of
anything previously known, but which must simply be
accepted on its own terms.

Finally, in Figure 3, for completeness, I show a picture of
a rotating, electrically charged black hole, and to clarify the
e†ects of electric charge, in Figure 4 I show the di†erence
(curvature of charged hole minus curvature of uncharged
hole) ; a glance at the Ðgure shows that the di†erence occurs
in the heart of the black hole.

5. CONCLUSION

All actual black holes in the universe are Kerr black
holes ; they are not Schwarzschild black holes. While no
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FIG. 2.ÈConceptual photograph of a rotating (angular momentum per unit mass a \ 0.8) black hole that is not electrically charged. This is a realistic
black hole, such as is surely present in some X-ray binaries and in many galactic nuclei. The curvature, K, of the black hole is shown as a function of distance
from the singularity (““ radius ÏÏ) and polar angle (““ theta ÏÏ). The most remarkable new feature is the presence of negative curvature (see text).

FIG. 3.ÈConceptual photograph of a general black hole. This particu-
lar plot is for a value of a \ 0.8 (angular momentum per unit mass) and for
electric charge Q\ 0.8. Real black holes in the universe are unlikely to be
electrically charged.

FIG. 4.ÈPlot of the curvature of a charged black hole (as in Fig. 3)
minus the curvature of an otherwise identical but uncharged black hole (as
in Fig. 2). The aim of the plot is to show the relative importance of charge
to the curvature, as a function of position.
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black hole can be visualized in the literal meaning of that
word, a vivid and highly meaningful picture of a black hole
can be obtained by plotting the Kretschmann scalar, which
I have derived for the Kerr-Newman metric, which rep-
resents the most general possible black hole. Thus, realistic
black holes are, for the Ðrst time, brought within the vision
of the scientist. Now Ðnally subjected to scrutiny (Fig. 2),

realistic black holes turn out (perhaps not surprisingly) to
look unlike anything ever before seen.
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